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Abstract: In classical life data analysis, one typically collects failure-time data by 
operating a set of units under usual (or design) stress conditions. But in reliability 
engineering, due to a variety of reasons such as cost and time constraints, one often wishes 
to collect the data more quickly than is allowed under the normal operating conditions. 
This can be achieved by applying higher-than-usual levels of stresses to the units, 
resulting in accelerated life testing data. In this paper, we provide a short review of the 
methods and models used to analyze such data. We concentrate on accelerated failure time 
models and on the related statistical inference. We describe some open questions and 
future research directions. 
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1. Introduction 

Failure time regression data result from observing the failure times of units 
functioning under various values of explanatory variables (also called stresses, covariates 
or regressors), such as voltage, load, temperature, pressure… Based on these data, one 
main objective of failure time data analysis is to estimate the reliability characteristics of 
the units (such as the reliability function, mean time to failure, failure time quantiles…) 
under some covariate values lying within the range of the operating conditions. 

     In case of highly-reliable units however, the failures are rare. Indeed, highly-
reliable units (such as those encountered in the nuclear, aeronautic or electronic fields for 
example) are designed to operate without failing during years or decades, while their 
design and manufacturing may allow a few months only to conduct the reliability testing 
and validation. One way to obtain the desired reliability information is thus to test the 
units at higher-than-usual levels of stresses and to infer, or extrapolate, the reliability 
characteristics of the units at use conditions. Obviously, this extrapolation is only possible 
if appropriate models relating the failure times of the units and the accelerating factors 
(stresses) are available. 

A huge amount of literature has been devoted so far to the design, modelling, and 
analysis of accelerated life testing experiments, and numerous contributions have been 
made to the development of 

• statistical models that relate the accelerating variables to the reliability 
characteristics of the units under study (such models are called accelerated 
life models), 

• statistical methods for planning accelerated life testing experiments, 
• statistical methods for estimating reliability characteristics from a sample of 

accelerated life testing data. 
In particular, numerous plans of experiments for accelerated life testing have been 

proposed, most of them being designed for one-dimensional and two-dimensional stresses. 
Let 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑘 be a set of accelerated stresses (with 𝑥0 being the usual stress). 
The constant-stress plan of experiments consists in testing 𝑘 groups of units at distinct 
stress levels (that is, the 𝑛𝑖 units of the i-th group are tested under the stress 𝑥𝑖). In a 
step-stress plan, n units are placed on test at an initial low stress level and if a unit does 
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not fail before some pre-specified time point 𝑡1, the stress is increased and so on. All 
units are thus tested under the step-stress 

𝑥(𝑡) = �

𝑥1,    0 ≤ 𝑡 < 𝑡1
𝑥2,    𝑡1 ≤ 𝑡 < 𝑡2

⋮
   𝑥𝑘 ,    𝑡𝑘−1 ≤ 𝑡 < 𝜏

 

where 𝜏 denotes the end of the test.  
     Progressive-stress plans of experiments have also been proposed, where the 

stress applied to the units increases continuously in time. Various modifications of these 
plans have been suggested. For example, assume that the failure times under the usual 
stress 𝑥0  take large values, so that most of the failures occur after the endpoint 𝜏 of the 
experiment (as is the case with highly-reliable items). Then two groups of units may be 
tested: the first group of 𝑛1units is tested under a constant accelerated stress 𝑥1and the 
second group of 𝑛2units is tested under a step-stress scheme, including the usual stress 
𝑥0: 

𝑥(𝑡) = �𝑥1,    0 ≤ 𝑡 < 𝑡1
𝑥0,    𝑡1 ≤ 𝑡 < 𝜏 

Under the step-stress, the units use much of their resource until 𝑡1  under the 
accelerated stress 𝑥1, which implies that failures will occur in the time interval [𝑡1, 𝜏) 
under the usual stress 𝑥0. This latter plan may further be modified by allowing the 
change-stress time 𝑡1 to be random (one usual choice is to take 𝑡1 as the moment when 
failures start to occur). We refer the reader to [1] for a detailed exposition of plans of 
experiments in accelerated life testing. A non-exhaustive bibliography includes [2, 3, 4, 5, 
6, 7], see also the references therein. In the paper [8] (published in this special issue), the 
author considers the issue of accelerated life testing with competing risks, while in [9] 
(also published in this special issue), the authors investigate optimum 3-steps stress-test 
plans. 

Based on these plans, one can estimate the reliability characteristics of the tested 
units, provided that an appropriate model (called an accelerated failure time model) is 
available to relate the failure times of the units and the accelerating factors or stresses. The 
purpose of this paper is to give an overview of some useful accelerated failure time 
models and of the related inference. In Section 2, we describe the most common 
parametric and semiparametric accelerated failure time models. In Section 3, we give a 
brief overview of the statistical inference in these models, with emphasis on the estimation 
issue. In Section 4, we provide a review of some recent advances in the modelling and 
analysis of accelerated life data. Some open questions and promising future research 
directions are also mentioned. 

2. Accelerated failure time models 

Let 𝑋  denote the time to failure of some unit and 𝑍 = �𝑍1,⋯ ,𝑍𝑝�  be a p-
dimensional vector of time-independent stresses applied to the unit. The accelerated 
failure time model relates the unit lifetime distribution to the explanatory variables or 
stresses by simply making a linear regression for the log-transformed event time log(𝑋) 
given 𝑍 (see [10] for example): 

log(𝑋) = −𝑍𝑇𝛽 + 𝜖 
where 𝛽 = ( 𝛽1,⋯ ,𝛽𝑝)𝑇  is a p-dimensional vector of unknown regression 

parameters, T is the transpose sign and 𝜖 is an error term with unspecified distribution.  
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    While this expression takes the familiar form of a general linear regression 
model, the sense of accelerated failure time models is best seen, however, when they are 
expressed in terms of the hazard (or rate) function of 𝑋, which is defined as follows. Let  

𝐹𝑍(𝑡) = 𝑃(𝑋 ≤ 𝑡|𝑍), 𝑆𝑍(𝑡) = 1 − 𝐹𝑍(𝑡) = 𝑃(𝑋 > 𝑡|𝑍), 𝑓𝑍(𝑡) = 𝐹𝑍′(𝑡) 
be the conditional (given the stress 𝑍) cumulative distribution, survival and density 

functions of 𝑋 respectively. The conditional hazard function of 𝑋 is given by: 

𝜆𝑍(𝑡) =
𝑓𝑍(𝑡)
𝑆𝑍(𝑡)

=
𝑓𝑍(𝑡)

1 − 𝐹𝑍(𝑡)
= lim

ℎ↓0

1
ℎ
𝑃(𝑋 ∈ [𝑡, 𝑡 + ℎ)|𝑇 ≥ 𝑡,𝑍). 

Noting that: 
𝐹𝑍(𝑡) = 𝑃(𝑋 ≤ 𝑡|𝑍) 

                                     = 𝑃(−𝑍𝑇𝛽 + 𝜖 ≤ log(𝑡) |𝑍) 
                                = 𝑃(𝑒𝜖 ≤ 𝑡 exp(𝑍𝑇𝛽) |𝑍) 

                     = 𝐹𝑒𝜖(𝑡 exp(𝑍𝑇𝛽)) 
where 𝐹𝑒𝜖 ≔ 1 − 𝑆𝑒𝜖  denotes the cumulative distribution function of 𝑒𝜖 , we 

obtain: 

𝜆𝑍(𝑡) =
𝐹𝑒𝜖
′ �𝑡 exp�𝑍𝑇𝛽��

1−𝐹𝑒𝜖�𝑡 exp�𝑍𝑇𝛽��
= 𝑓𝑒𝜖�𝑡 exp�𝑍

𝑇𝛽��
1−𝐹𝑒𝜖�𝑡 exp�𝑍𝑇𝛽��

exp(𝑍𝑇𝛽). 

Therefore, letting 𝜆𝑒𝜖 be the hazard function of 𝑒𝜖, the conditional hazard function 
of 𝑋 given 𝑍 is: 

               𝜆𝑍(𝑡) = 𝜆𝑒𝜖(𝑡 exp(𝑍𝑇𝛽)) exp(𝑍𝑇𝛽). 
Equivalently, using a simple change of variable, the conditional survival function for 

𝑋 given Z is given by: 
                𝑆𝑍(𝑡) = exp �−∫ 𝜆𝑍(𝑢)𝑑𝑢𝑡

0 � = 𝑆𝑒𝜖(𝑡 exp(𝑍𝑇𝛽))                     (1) 
From 𝜆𝑍(𝑡) and 𝑆𝑍(𝑡), one clearly sees that the stress 𝑍 acts multiplicatively on 

the time 𝑡, so that the effect of 𝑍 is to decelerate or accelerate the time to failure of the 
unit. 

Time-dependent stresses 𝑍(∙) = �𝑍1(∙),⋯ ,𝑍𝑝(∙)�can be introduced in accelerated 
failure models (e.g., [11, 12]) by letting the survival function of 𝑋 be defined as: 

                      𝑆𝑍(𝑡) = 𝑆𝑒𝜖 �∫ exp(𝑍𝑇(𝑢)𝛽) 𝑑𝑢𝑡
0 �                                                   (2) 

Obviously, this expression reduces to (1) when the stresses are fixed over time. 
Time-dependent regression coefficients can also be introduced to accommodate a 
differential effect of the stress across time. Such a model is defined by: 

               𝑆𝑍(𝑡) = 𝑆𝑒𝜖 �∫ exp�𝑍𝑇(𝑢)𝛽(𝑢)� 𝑑𝑢𝑡
0 �                                            (3) 

with 𝛽(∙) = �𝛽1(∙),⋯ ,𝛽𝑝(∙)� 𝑇a vector of p unknown regression functions.  
    The one-dimensional functions 𝛽𝑖(∙) (𝑖 = 1,⋯ , 𝑝) are usually taken of the 

form 𝛽𝑖(∙) = 𝛽𝑖 + 𝛾𝑖𝑔𝑖(∙)  where the 𝑔𝑖(∙)  are specified deterministic functions (or 
realizations of predictable random processes), see [1]. 

By specifying the distribution of 𝜖 (up to a finite number of unknown scalar 
parameters) in the models (1)-(3), one can derive various useful parametric accelerated 
failure time models. One first common class of models is obtained by letting 𝑆𝑒𝜖 belong 
to a given scale-shape class of survival functions: 

𝑆𝑒𝜖(𝑡) = 𝐺 ��
𝑡
𝜂
�
𝜈
�       (𝜂, 𝜈 > 0). 

Classical examples include 
𝐺(𝑡) = 𝑒−𝑡 , 𝐺(𝑡) = (1 + 𝑡)−1, 𝐺(𝑡) = 1 −Φ(log 𝑡) 
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(where Φ denotes the distribution function of the standard Gaussian distribution), which 
yields the Weibull, loglogistic and lognormal distributions respectively. These families of 
distributions however do not give ∪-shaped hazard functions. 

The generalized Weibull distribution, which allows various forms for the hazard rate 
(constant, decreasing, increasing, ∪-shaped, ∩ -shaped) has thus been proposed. Its 
survival function is given by: 

𝑆𝑒𝜖(𝑡) = exp{1 − (1 + (𝑡/𝜑)𝜈)𝛾}    (𝜂, 𝜈,𝜑 > 0). 
If the baseline hazard function 𝑆𝑒𝜖 is left unspecified, one obtains a semiparametric 

accelerated failure time model. A synthesis of all these models can be found in [1, 13, 14, 
15, 16], see also the references therein. Note that an appealing variant of the model (1) 
was proposed in [17]: 

𝜆𝑍(𝑡) = 𝜆𝑒𝜖(𝑡 exp(𝑍𝑇𝛽1)) exp(𝑍𝑇𝛽2). 
This model contains both the accelerated failure time model (when 𝛽1 = 𝛽2) and the 

celebrated proportional hazards model (when 𝛽1 = 0) (see [18, 19]) as special cases. In 
particular, it allows to choose between the proportional hazards model and the accelerated 
failure time model which one is the more appropriate for a given data set. 

3. Statistical Inference in Accelerated Failure Time Models 

3.1  Parametric Accelerated Failure Time Models 

The statistical inference in parametric accelerated failure time models of the form 
𝜆𝑍(𝑡) = 𝜆𝑒𝜖(𝑡 exp(𝑍𝑇𝛽)) exp(𝑍𝑇𝛽) usually relies on the maximum likelihood method 
(see [1] for a detailed account), as we describe now. In what follows, we assume that 𝜆𝑒𝜖 
is parameterized by a finite-dimensional parameter 𝜇, we denote by 𝜃 = (𝛽𝑇 , 𝜇𝑇)𝑇 the 
full vector of unknown parameters, and we note 𝜆𝑍(𝑡,𝜃) ∶= 𝜆𝑍(𝑡). 

In accelerated failure time experiments, the data often arise in the form of right-
censored observations that is, one eventually only observes a lower bound of the failure 
time of interest. As mentioned above, 𝑋 denotes the time to failure of a unit and 
𝑍(∙) = �𝑍1(∙),⋯ ,𝑍𝑝(∙)�  denotes a p-vector of possibly time-varying explanatory 
variables (stresses) applying to this unit. Let 𝐶  be a positive random variable (the 
censoring time) and assume that 𝑋 and 𝐶are independent given 𝑍(∙). Suppose that the 
data consist of n independent replicates  

�𝑇𝑖 ,Δ𝑖 ,𝑍𝑖(∙)�, 𝑖 = 1,⋯ ,𝑛 
of �𝑇,Δ,𝑍(∙)� where𝑇 = min(𝑋,𝐶) ,∆= 1(𝑇 ≤ 𝐶) and 1(∙) is the indicator function.  
     Then the likelihood score function for 𝜃 is: 

𝑈(𝜃) = � �Δ𝑖
𝜕 log 𝜆𝑍𝑖(𝑇𝑖 ,𝜃)

𝜕𝜃
− �

𝜕𝜆𝑍𝑖(𝑢,𝜃)
𝜕𝜃

𝑇𝑖

0
𝑑𝑢�

𝑛

𝑖=1
. 

The maximum likelihood estimator 𝜃� = ��̂�𝑇 , �̂�𝑇�𝑇is the solution of the estimating 
equation 𝑈(𝜃) = 0. Then 𝑛1/2�𝜃� − 𝜃� is asymptotically distributed as a Gaussian law 
with mean zero and a covariance matrix that can be consistently estimated. From this, one 
can easily derive confidence intervals and tests of hypothesis for the components of 𝜃 
(and in particular, for the regression parameter 𝛽 which is usually the parameter of 
interest of the model). One can also deduce estimates of the survival function, quantiles, 
and mean time to failure of 𝑋 given Z (see [1]). 

Residual diagnostic plots and goodness-of-fit criteria are particularly useful for 
evaluating the adequacy of a fitted model. We refer the interested reader to [1, 20, 21] for 
a detailed discussion of this topic. 
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3.2  Semiparametric Accelerated Failure Time Models 

When the error distribution is not parameterized, one obtains a semiparametric accelerated 
failure time model. Various methods have been proposed to estimate the parameter of 
interest of such models, namely the regression parameter 𝛽 (we consider here the case 
where the explanatory variables are constant in time and refer the interested reader to [1] 
for a detailed treatment of a more general setting). 

One proposed estimation method directly builds on the linear regression formulation 
of the accelerated failure time model (see [22, 23]). Letting 𝑒𝑖(𝛽) = log𝑇𝑖 + 𝑍𝑖𝑇𝛽 (for 
𝑖 = 1,⋯ ,𝑛) one classical way to estimate 𝛽 is to form the logrank statistic based on 
(𝑒𝑖(𝛽),Δ𝑖 ,𝑍𝑖), 𝑖 = 1,⋯ ,𝑛, namely: 

𝑊(𝛽) = � Δ𝑖
𝑛

𝑖=1
�𝑍𝑖 − �̅��𝛽, 𝑒𝑖(𝛽)�� 

where 

�̅�(𝛽,𝑢) =
∑ 1(𝑒𝑖(𝛽) ≥ 𝑢)𝑍𝑖𝑛
𝑖=1

∑ 1(𝑒𝑖(𝛽) ≥ 𝑢)𝑛
𝑖=1

. 

The estimator �̂� is chosen as the value which minimizes ‖𝑊(𝛽) ‖ and it follows 
from the fact that the random vector 𝑛−1𝑊(𝛽) is asymptotically zero-mean Gaussian 
that 𝑛1/2��̂� − 𝛽�  is asymptotically Gaussian with a covariance matrix that can be 
consistently estimated (see [24, 25, 26]). Similar to the parametric case, one can then 
construct confidence intervals and tests of hypothesis for 𝛽 and deduce estimates of the 
survival function, quantiles, and mean time to failure of 𝑋 given Z (see [1]). 

Note that Bayesian methods have also been developed in the accelerated failure time 
models (see [27, 28, 29] and the references therein) but they will not be described here.  

4. Discussion: Some Recent Advances and Open Questions in Accelerated Failure 
Time Modeling  

The previous two sections have briefly described the general formulations of accelerated 
failure time models and provided a description of the most used estimation procedures in 
both parametric and semiparametric models. These procedures are theoretically well-
established and are implemented in dedicated softwares. Accelerated failure time models 
are thus now more and more used in practice (and in particular, as an alternative to the 
well-known proportional hazards model). They are present in both reliability engineering 
and the medical field (see for example [30, 31]). 

Some remarkable recent advances have extended the range of application of these 
models. For example, several authors have considered the fitting of accelerated failure 
time models with degraded data or model information: the problem of missing censoring 
indicators was addressed in [32] and the issue of misspecification of the fitted model was 
considered in [33]. The problem of estimating an accelerated failure time model when 
some covariates are subject to measurement error was studied in [34]. In [35], the authors 
investigated the issue of variable selection in a high-dimensional setting. 

Numerous open questions and problems however still remain unsolved. We briefly 
mention a few promising research directions. First, there is a strong need for developing 
adapted tools for clustered observations (clustered data arise when the failure times of the 
units are not independent, which is likely to be the case when the units belong to a same 
system). Developing appropriate tools for fitting accelerated failure time models under 
competing risks is also an open question which has attracted little attention until now. 
Finally, despite some recent contributions, the issue of model selection in a high-
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dimensional setting still requires a careful attention, motivated by the availability of more 
and more covariate information in reliability experiments. 

All these topics are open to methodological developments and fruitful applications. 
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